Introduction
Let A p , with fixed integer p > 0, be the class of functions where n is any integer greater than -p. The symbol D n (i.e., (1. 2) for p = 1) was introduced by Ruscheweyh [13] and Z) n+P-1 by Goel and Sohi [5] . Therefore, we call D n+P~1 f(z) the Ruscheweyh derivative of (n+p-l)-th order. It follows from (1.2) that 
~ 1 + Bw(z) '
From this, we note that f(z) 6 V£ p (A, B, a) if and only if
Clearly, for n = 0, p = 1, A = ¡3 and B = 0 < /? < 1, we get the class introduced and studied by Ahuja [1] which in turn reduces to the class studied in [9] for A = 0. Further, n = a = A = 0 and replacement of A by 1 and B by > j, gives the class studied by Sohi [14] . We further observe that, for special choice of the parameters A, B and A, our class gives rise to the following new subclasses of p-valent analytic functions:
Re e a > a cos A, 0 < a < p, |A| < ¿etfj, ^»,, (1,^,0) = Vf tPtS = {/(*) e A p : (A, B, a) includes various subclasses of p-valent analytic functions; a study of its properties will lead to a unified study of these classes. In the present paper, we first obtain the basic inclusion relation p (A,B,a) C V^p(A,
B,a).
Then we obtain class preserving integral operators and a sufficient condition in terms of coefficients for a function to be in V^p(A, B,a) . We also obtain sharp coefficient estimates and closure theorems for these classes. Papers [1] Unless otherwise mentioned, in the sequel we assume that -1 < B < A < 1, 0 < a < p and |A| < tt/2. 
Preliminary lemmas
Clearly, u> ( 
Main results

THEOREM 1. Let n be any integer greater than -p. Then ^nW A,B,a)cV* p (A,B,a).
Proof. Let f(z) € V£ +ltP (A, B,a). Suppose that
where u>(0) = 0 and w(z) is either analytic or meromorphic in E. Differentiating (3.1) and using (1.3), (2.2), we obtain
Let r* be the distance from the origin to the nearest pole of w(z) in E. Then w{z) is analytic in the disc {z : \z\ < ro = min(r*,l)}. By Lemma 2, for \z\ < r, r < ro, there exists a point zq in E such that
Prom (3.2) and (3.3) we have
Now suppose that max| 2 | =r |w(z)| = 1 for some r, r < ro < 1. At the point zo, where this occurs, we would have |w(zo)| = 1. Then, by using the identities
we deduce that
From (3.5), it follows that
provided x ± 2y > 0. Now, in view of the fact that M > 0 and -1 < B < 1, we deduce that
Thus, from (3.4) and (3.6) we get
But, in view of Lemma 1, this is a contradiction to the fact that f(z) € V* +l p (A, B, a) . So, we cannot have |u>(zo)| = 1-Thus, |tw(z)| ^ 1 in \z\ < ro. Since it;(0) = 0, \w(z)\ is continuous and |w(z)| 1 in \z\ < ro, we cannot have a pole at \z\ = ro Therefore, w(z) is analytic in E and |w(z)| < 1 for z € E. Hence, from (3.1), f(z)€V* p (A,B,a) .
In the next theorem, we study the class preserving integral operators for the class V£ p (A, B, a) . , a) .
THEOREM 2. Let p be a positive integer and n be any integer gr -P-If f(z) G V£ p (A,B,a) and
Let us suppose that, according to (1.4), we have
where the function w(z) is either analytic or meromorphic in E and such that w(0) = 0. Differentiating (3.9) and then using (3.8), we deduce that
The required result can be obtained now from (3.10) by using the same technique as applied in (3.2) in the proof of Theorem 1.
Remark. For n = 0, p = 1, a = 0, A = I and B = -1. Theorem 2 improves a result of Bernardi [2] , who proved it when c is a positive integer. Comparing coefficients of the same powers of z on both sides of (3.12), we see that the coefficient a p+ j depends only on a p +i,a p +2,...,a p +j_i on the right-hand side of (3.12). Hence, for k = 1,2,..., it follows from (3.12) that Letting r -• 1 on the left-hand side of the above inequality, we obtain
Thus, we get the inequality
In order to establish the sharpness of (3.11), consider the functions /^(z) defined by
Clearly, A(z) 6 V^p(A,B,a) for each k > 1. Also, it is easy to compute that the functions /fc(z) has the expansions
showing that the estimates (3.11) are sharp.
THEOREM 5. Let f(z), given by (1.1), belong to V^p (A,B,a) and fi be any complex number. Then
The estimate is sharp.
Proof. Upon equating the coefficients of z and of z 1 in (3.12), we have 
{A -B)(p -a)(p + 2)6(n, 2)e" ,A cos A T = B + fi-(p+l)*(i(n,l))*
The estimate (3.13) follows by using (3.16) in (3.17). The result is sharp as the estimate (3.16) is sharp.
In the following theorem, we obtain a sufficient condition, in terms of coefficients, for a function to be in V x p {A, B,a) .
The result is sharp.
Proof. Suppose that (3.18) holds. Then, for \z\ = r < 1, we have
by (3.18). Hence f ( z ) € V £ p ( A , B , a ) .
Next, we assume that (3.19) holds. Then
by (3.19). This proves that /(z) € ^"(4,5,«).
Remark. We observe that for B ^ 0 the converse of Theorem 6 may not be true. For instance, consider the function f ( z ) defined in E by
It is easily seen that f ( z ) € V * p ( A , B , a ) and {A, B, a) and
for A, B, A satisfying -1<5<0<A<1 and |A| < TT/2. Motivated by Theorem 6, we introduce a new subclass of p-valent analytic functions in the unit disc E. We say that a function f(z) £ A p is in the class V£ p (A,B,a) if and only if the conditions (3.18), (3.19) hold. Clearly, Then the following theorem is true. 
